Abstract. Denote by f l ðGÞ the number of free subgroups of index lm G , where m G is the least common multiple of the orders of the finite subgroups in G. The present paper develops a general theory for the p-divisibility of f l ðGÞ, where p is a prime dividing m G . Among other things, we obtain an explicit combinatorial description of f l ðGÞ modulo p, leading to an optimal generalisation of Stothers' explicit formula for the parity of f l ðPSL 2 ðZÞÞ.
Introduction
A group G is virtually free, if it contains a free subgroup of finite index, or, equivalently,1 if it is the fundamental group of a (connected) graph of finite groups of bounded order. For a finitely generated virtually free group G (that is, the fundamental group of a finite graph of finite groups), denote by f l ðGÞ the number of free subgroups of index lm G in G, where m G denotes the least common multiple of the orders of the finite subgroups in G. The present paper is concerned with the behaviour modulo p of f l ðGÞ, where G is as above and p is a prime dividing m G .
Over the years, the sequence f l ðGÞ has been subject to a fair amount of study; cf. for instance [9] , [10] , [16] , [18] , [20] , [34] , [35] . Today, the asymptotics and growth behaviour of the function f l ðGÞ are well understood, as is its precise connection with the structure of G; for instance, it is shown in [16] that, for wðGÞ < 0,
where
Here, G G p 1 ðGðÀÞ; X Þ is a decomposition of G in terms of a finite graph of finite groups, and V ; E denote, respectively, the set of vertices and (geometric) edges of X . Parallel to these investigations, other subgroup counting functions have been studied over the last two decades, most notably the number s n ðGÞ of index n subgroups in a finitely generated group G; in particular, building on asymptotic machinery for the coe‰cients of entire functions of finite genus developed in [21] , growth and asymptotic behaviour of s n ðGÞ have been determined in [19] for the case of a free product
with finite groups G s .2
On the other hand, apart from some isolated results for certain individual groups (for instance the modular groups PSL 2 ðZÞ and SL 2 ðZÞ), very little was known until recently concerning divisibility properties of the functions f l ðGÞ and s n ðGÞ. 3 The situation changed with the presentation of the papers [24] , [25] , and [28] , and, at the time of writing, a substantial body of knowledge has formed, mostly concerning modular properties of the function s n ðGÞ. These developments are surveyed in [27] . However, in contrast to the marked progress for the function s n ðGÞ, results concerning divisibility properties of the function f l ðGÞ are known so far only in the case where p ¼ 2 and G ¼ HðqÞ G C 2 Ã C q is a Hecke group for some q b 3; cf. [25, and [27, Section 6] . Indeed, extension of this theory of 'free parity patterns in Hecke groups' to a more substantial class of virtually free groups and a larger set of primes was posed as a problem in [27] , and the present paper seeks to fill this gap.
the group G, that is, independent of the particular decomposition of G in terms of a graph of groups ðGðÀÞ; X Þ, and that two virtually free groups G 1 and G 2 contain the same number of free subgroups of index n for each positive integer n if and only if tðG 1 Þ ¼ tðG 2 Þ; cf. [16, Theorem 2] . For a finitely generated virtually free group G and a prime p define the free rank mðGÞ and the p-rank m p ðGÞ of G by means of the formulae
where j is Euler's totient function. It follows from the properties of z k ðGÞ mentioned above that mðGÞ b 0 and m p ðGÞ b 0. The free rank mðGÞ as given in (1) in terms of the type tðGÞ turns out to coincide with the rank of a free subgroup of index m G in G; see the beginning of Section 2. A combinatorial interpretation of the p-rank m p ðGÞ of G occurs in Section 3, in the proof of Lemma 1. Having given these definitions, we can now state our main results.
Theorem A. Let G; G 1 ; G 2 be finitely generated virtually free groups, and let p be a prime dividing m G ; m G 1 ; m G 2 . (iv) Suppose that m p ðGÞ ¼ 0 and that mðGÞ b 1. Then every entry of N Ãp ðGÞ is congruent to 1 modulo ð p À 1Þp n p ð mðGÞÞ ; moreover, the first two entries of N Ãp ðGÞ are 1 and a 4 For a power series f ðzÞ and a non-negative integer n, we denote by h f ðzÞ j z n i the coe‰cient of z n in f ðzÞ. In the second displayed formula in (iv), the expansion of mðGÞ=ð p À 1Þ to base p is interpreted as a formal power series in p.
Here, n p ðxÞ denotes the p-adic norm of x, that is, the exponent of p in the prime decomposition of x.
Theorem B. Let G and p be as in Theorem A, and suppose that m p ðGÞ ¼ 0. (ii) We have
Here, s p ðxÞ denotes the sum of digits in the p-adic expansion of x. Furthermore, throughout this paper, we use the convention that a binomial coe‰cient a n À Á equals zero if n B N 0 .
Theorem C. Let G and p be as in Theorem A, and suppose that m p ðGÞ ¼ 0 and that mðGÞ b 2. Then the following assertions are equivalent:
(ii) f l ðGÞ 1 0 mod p for 2 a l a ðp À 1ÞmðGÞ.
(iii) mðGÞ is a 2-power, and p ¼ 2.
A few comments on Theorems A-C are in order. Theorem A collects together a miscellany of information concerning the function f l ðGÞ. Part (i) allows us to restrict attention to the case where m p ðGÞ ¼ 0, while part (ii) states that for such groups G the mod p behaviour of f l ðGÞ is precisely classified by the free rank mðGÞ. Part (iv) describes an interesting divisibility property of the set N Ãp ðGÞ, while part (iii) settles the question when the series P l f l ðGÞz l is rational over GFðpÞ: apart from the trivial case where m p ðGÞ > 0, this happens if and only if G is finite of order divisible by p, or G G G 1 Ã S G 2 with finite groups G i ; S of odd order, ðG 1 : SÞ ¼ ðG 2 : SÞ ¼ 2, and p ¼ 2. Theorem B provides a surprisingly explicit combinatorial description of N Ãp ðGÞ and f l ðGÞ mod p in the case when m p ðGÞ ¼ 0. As is apparent from this description, the sets N Ãp ðGÞ with m p ðGÞ ¼ 0 will in general not lend themselves to a characterization in closed form as in the case of the modular group; instead, N Ãp ðGÞ generically tends to inherit the well-known kind of fractal behaviour observed in Pascal's triangle when evaluated modulo a prime. There is however one special case where we can describe the sets N Ãp ðGÞ in a completely explicit way; this is the subject matter of Theorem C, which provides an optimal generalization of Stothers' formula for the parity of f l ðPSL 2 ðZÞÞ; cf. [34] . As is well known, Fermat primes, that is, prime numbers of the form 2 2 l þ 1 with l b 0, satisfy (or can even be characterized by) a number of curious regularity conditions; for instance, according to Gauß,5 a regular p-gon (p > 2 a prime) can be constructed by compass and ruler if and only if p is a Fermat prime. By specializing Theorem C to the case where p ¼ 2 and G ¼ HðqÞ is a Hecke group for some prime q b 3, we obtain a new such characterization in terms of the free parity pattern of the associated Hecke group.
Corollary CO. Let q > 2 be a prime number. Then q is a Fermat prime if and only if
The key to Theorems A-C is the functional equation ðzÞ of the generating function P l f l ðGÞz l , whose proof occupies Sections 2-5. In Sections 6 and 7 we exploit identity (3) to obtain the results described above concerning the mod p behaviour of the function f l ðGÞ; the contents of Theorem A is the subject matter of Section 6, while Section 7 deals with Theorems B and C. Part of the proof of Theorem B consists in the construction of a canonical liftingX X 
A recurrence relation for f l (G)
Define the free rank mðGÞ of G to be the rank of a free subgroup of index m G in G.
The existence of such a subgroup follows from [31, Lemmas 8 and 10] or [16, formulae (3) and (9)]. Observe that mðGÞ is connected with the Euler characteristic of G via
which shows in particular that mðGÞ is well-defined. The Euler characteristic of G in turn can be expressed in terms of the type tðGÞ via
Indeed,
the last equality coming from the fact that the Euler characteristic wðGÞ in the sense of Wall coincides with the equivariant Euler characteristic wX X ðGÞ relative to the treẽ X X associated with G in the sense of Bass and Serre; cf., for example, [1, Chapter IX, Proposition 7.3]. Equations (4) and (5) in conjunction with [16, Theorem 2] imply in particular that, if two virtually free groups have the same number of free index n subgroups for each n, then their Euler characteristics and free ranks must coincide. Moreover these equations serve to show that mðGÞ as introduced above coincides with the invariant defined via equation (1) . The following result will be the starting point of our investigation. 
This is [25, Proposition 1]. However, since [26] has not yet appeared in print, we include the proof for the convenience of the reader.
Proof of Proposition 1. Define a torsion-free G-action on a set W to be a G-action on W which is free when restricted to finite subgroups. For a finite set W to admit a torsion-free G-action it is necessary and su‰cient that jWj be divisible by m G . For l A N 0 , define g l ðGÞ by the condition that ðlm G Þ!g l ðGÞ ¼ number of torsion-free G-actions on a set with lm G elements; in particular g 0 ðGÞ ¼ 1. Then the arithmetic functions f l ðGÞ and g l ðGÞ are related via the transformation formula6
Moreover, the generating function Y G ðzÞ :¼ P lb0 g l ðGÞz l is known to satisfy the homogeneous linear di¤erential equation
of order mðGÞ with integral coe‰cients Q m ðGÞ as defined in Proposition 1; cf. [16, Proposition 5] . In view of equation (8), the series
is related to Y G ðzÞ via the identity
Applying Bell's formula7 
ðkpkÞ ðbðzÞÞ ð11Þ
for the derivatives of a composite function with aðtÞ ¼ e t and bðzÞ ¼ m
Combining the latter identities for 1 a m a mðGÞ with (9), we obtain the di¤erential equation
for X G ðzÞ, and Proposition 1 follows by comparing coe‰cients in (12) . r
A divisibility property of Q m (G)
Our next result describes an important divisibility property of the numbers Q m ðGÞ introduced in Proposition 1.
Lemma 1. Let G be a finitely generated virtually free group, and let p be a prime. be the multiset consisting of all integers 1 a k a m G , where k is taken with multiplicity
( In view of (1), this multiset has
elements. Think of K G as being linearly ordered as indicated above, and denote this (strict) order by 0. We have
Also,
Inserting (14) into (13), interchanging summations, and using the fact that
mÀ j m j j n ¼ Sðn; mÞ ðm; n b 0Þ is a Stirling number of the second kind, we find that
This shows that Q m ðGÞ is divisible by m m G for all 0 a m a mðGÞ.
(ii) Now assume that pjm G . Then we infer from the last equation that, for 0 a m a mðGÞ,
Moreover, we find that the multiset K G contains precisely
numbers divisible by p. Next, we observe that, for pjm G , the multisets
all share the same cardinality. Indeed, for 0 < i < p,
It follows that the multiset
with sets X j satisfying9
in particular, we conclude from Wilson's Theorem that (15) and (17) now yields 
At this stage of the proof, symmetric functions naturally enter the scene, when we observe that modulo p
is a value of the elementary symmetric function s l j ðx 1 ; . . . ; x pÀ1 Þ. Indeed, by inverting and reducing a tuple ðk 1 ; . . . ; k l j Þ modulo p, and then re-ordering the resulting numbers, we obtain an involution on the index set
identifying terms of the first sum in (19) with congruent terms of the second sum. It is this connection (19) with the theory of symmetric functions, which allows us to considerably simplify the last expression in (18) . By the definition of elementary symmetric functions and Fermat's Theorem, we have
which, by comparing coe‰cients, yields s j ð1; 2; . . . ; p À 1Þ 1
1;
and the proof of Lemma 1 is complete. r
A partition lemma
By a partition p we mean any sequence p ¼ fp j g jb1 of non-negative integers, such that p j ¼ 0 for all but finitely many j. The integer jpj ¼ P jb1 jp j is called the weight of p, and kpk ¼ P jb1 p j is the norm or length of the partition p. If jpj ¼ 0, p is called the empty partition, otherwise p is non-empty. As usual, we also write p ' n for jpj ¼ n, and say that p is a partition of n. Moreover, for a positive integer n and a prime p, we denote by n p ðnÞ the p-adic valuation of n, that is, the exponent of p in the prime decomposition of n. We shall require the following observation concerning the product of parts of a partition. Lemma 2. Let p ¼ fp j g jb1 be a partition, and let p be a prime. Then we have
with equality occurring if and only if either jpj ¼ kpk, or jpj ¼ kpk þ 1 and p ¼ 2.
Proof. For a partition p, denote by LðpÞ the left-hand side of inequality (21) , and by RðpÞ the corresponding right-hand side. We establish our claim by induction on the complexity measure
Now
LðpÞ ¼ Lðp 0 Þ þ n p ð jÞ and, putting m :¼ jpj À kpk,
Our claim follows now from the inequality Lðp 0 Þ a Rðp 0 Þ coming from the induction hypothesis, and the inequality j < p jÀ1 , which holds for p b 2 and all j b 3. 
Hence, for each m A ½mðGÞ, the term R By definition of D ðGÞ m ðlÞ, this is certainly true if m ¼ mðGÞ, and also holds for m < mðGÞ and p 0 2 by Lemma 1 (i). Hence, we may suppose that p ¼ 2 and that m < mðGÞ, and consider divisibility of ðm þ 1Þ!Q mþ1 ðGÞ by 2 1þn 2 ð m!Þþmn 2 ðm G Þ . Now, if m is odd, then n 2 ððm þ 1Þ!Þ > n 2 ðm!Þ, and our claim follows from the facts that m G 1 0 ð2Þ, and that, by Lemma 1 (i), Q mþ1 ðGÞ is divisible by 2 ð mþ1Þn 2 ðm G Þ . If, on the other hand, m is even, then n 2 ððm þ 1Þ!Þ ¼ n 2 ðm!Þ, and Lemma 1 tells us that ðm þ 1Þ!Q mþ1 ðGÞ is divisible by 2 1þn 2 ð m!Þþmn 2 ðm G Þ , and that
If n 2 ðm G Þ > 1, then the right-hand side of (24) Our claim (23) where an overstroke denotes reduction modulo 2. Evaluating (22) modulo p in the light of (25), and noting the fact that By the binomial law in the ring GFðpÞ½½z, Also,
The discussion of this section has led to the following result.
Proposition 2. Let G be a finitely generated virtually free group, and let p be a prime dividing m G . Then the generating function X 6 Free p-patterns: classification, divisibility, and rationality of X Ãp G (z) Given a prime p and a finitely generated virtually free group G, define the free p-pattern P Ãp ðGÞ of G to be the family P Ãp ðGÞ ¼ fP 1 ðGÞ is called the free parity pattern of G. In this and the following section, we shall exploit identity (27) to obtain results concerning the ppatterns P Ãp ðGÞ, in the case where pjm G . Our first observation is that X Ãp G ðzÞ ¼ 0 is a solution of the functional equation (27) if and only if m p ðGÞ > 0; that is, we have
Hence, we can (and will) from now on restrict attention to the case where m p ðGÞ ¼ 0. For a prime p, denote by V p the class of all finitely generated virtually free groups G satisfying m p ðGÞ ¼ 0. The groups G p; q ¼ C p Ã C q with q A N are members of V p ; in particular, Hecke groups HðqÞ ¼ G 2; q with q b 3 are contained in V 2 , as is, for instance, the group G ¼ C 2 Ã C 2 Ã C 4 . On the other hand,H HðqÞ ¼ C q Ã C q ðq b 3Þ, which is embedded as a subgroup of index 2 in HðqÞ, is never contained in V 2 ; in particular, no analogue of the descent principle [24, Theorem 1] holds in the context of free subgroup patterns. For G A V p , identity (27) 
Ãp ðGÞ is already determined by the free rank mðGÞ, and the question arises whether, conversely, the ppattern P Ãp ðGÞ also determines mðGÞ, or whether there exist virtually free groups having di¤erent free ranks while exhibiting the same free p-pattern and having prank equal to zero. Our first result shows that the latter situation cannot arise. Theorem 1. Let p be a prime, and let
Proof. We observed already that where
Since f ð pÞ 1 ðGÞ 0 0 and GFðpÞ½½z has no zero divisors, we obtain the GFð pÞ-relation
QÀn Q n ðX Ãp ðzÞÞ ð pÀ1Þn :
Again using the fact that f ð pÞ 1 ðGÞ 0 0 and comparing coe‰cients, we now deduce that Q n À Á 1 0 ðpÞ for all n A ½Q, which is impossible for Q > 0. Hence, we must have
Our next result determines those groups G A V p for which the series X Ãp G ðzÞ is a rational function. Theorem 2. Let p be a prime, and let G A V p . Then the following assertions are equivalent:
ðzÞ is rational over GFð pÞ.
(ii) mðGÞ ¼ 0, or mðGÞ ¼ 1 and p ¼ 2.
(iii) G is finite of order divisible by p, or G G G 1 Ã S G 2 with finite groups G i ; S of odd order, ðG 1 : SÞ ¼ ðG 2 : SÞ ¼ 2, and p ¼ 2.
(ii) We have a 
while the condition on n, in view of Lucas' Theorem,10 forces n to be divisible by p l . Since kpk ¼ nð p À 1Þ, we conclude that L is divisible by ðp À 1Þ p l , as claimed.
(ii) Arguing as above by means of Lucas' formula, we see that, for l ¼ ðp À 1Þp l , the double sum on the right-hand side of (31) By Lagrange inversion, we find that, for l b 1,
The first part of our next result follows immediately from (35) . (ii) We have
where s p ðxÞ denotes the sum of digits in the p-adic expansion of x.
Proof. We only need to consider part (ii). By Kummer's formula11 for the p-adic norm of binomial coe‰cients we have
with s p ðxÞ as defined in the theorem. Moreover, writing out the p-adic expansions of l and l À 1, we find that
Hence,
and (ii) follows from equation (35) . r
As is apparent from Theorem 4, neither the patterns P Ãp ðGÞ nor the sets N Ãp ðGÞ will in general lend themselves to a characterization in closed form as in the case of the modular group; instead, P Ãp ðGÞ and N Ãp ðGÞ generically tend to inherit the wellknown kind of fractal behaviour observed in Pascal's triangle when evaluated modulo a prime. There is however one special case where we can describe the sets N Ãp ðGÞ in a completely explicit way, namely when mðGÞ is a 2-power and p ¼ 2. For a prime p and a group G A V p with mðGÞ b 2, define
is the set of partial sums of the geometric series P sb0 ðð p À 1ÞmðGÞÞ s . 
Thus, if l satisfies (37), there are at most m ¼ 2an pÀ1 such strings of consecutive ð p À 1Þ's in l. If l < p n , l < p n as well, and the number of integers l a p n with at most m strings of k consecutive digits p À 1 is bounded above by
provided that a is su‰ciently small. From these estimates, our claim follows. r
An Example
If mðGÞ is not a 2-power, or if p > 2, then we are outside the scope of Theorem 5, and cannot hope to be able to describe the p-pattern P Ãp ðGÞ or the set N Ãp ðGÞ by means of a closed formula of Stothers' type (or indeed, in any closed form). Nevertheless, Theorem 4 still provides a fairly explicit description of these objects. As an illustration, let p ¼ 2, and consider groups G A V 2 for which mðGÞ À 1 is a non-trivial 2-power, say, mðGÞ ¼ 2 r þ 1 with some r b 1. Then
and the condition on l in Theorem 4 (ii) becomes 2s 2 ðlÞ ¼ s 2 ð2 r l þ lÞ:
The latter condition holds if and only if the binary representations l ¼ P jb0 l j 2 j of l respectively 2 r l ¼ P jb0 l j 2 jþr of 2 r l do not overlap, that is, if and only if l j ¼ 1 always implies l jþr ¼ 0. Hence, we find from Theorem 4 (ii) that
This is a rather useful description of P Ã G for these groups G; for instance, we immediately infer from (38) that
Moreover, in this case we can refine Corollary 3 by giving an asymptotic formula for the number P Ã G ðxÞ of integers l a x with f l ðGÞ 1 1 ðmod 2Þ.
Proposition 3. Let G A V 2 be a group with mðGÞ ¼ 2 r þ 1 for some integer r. Then there exists a continuous and almost everywhere di¤erentiable functiong g : ½0; r ! ð0; yÞ, such that P Ã G ðxÞ @g g r log x r log 2 " # x log j=log 2 as x ! y:
Proof. First, we consider P 
rn Þ equals the number of r-tuples of 01-strings of length n which do not contain two consecutive 1's, and do not start with 1, whenever the corresponding digit of a among its last r digits is 1. For a real number h A ½1; 2 r , define gðh; nÞ :¼ P that is, gðh; nÞ is continuous in h with modulus of continuity Fðg; dÞ W d ðlog jÞ=ðlog 2Þ . As n ! y, gðh; nÞ converges uniformly, hence gðhÞ exists for all h A ½1; 2 r and is continuous with the same modulus of continuity. Puttingg gðhÞ ¼ gð2
h Þj À2 h , we obtain our claim. r Note thatg g is highly irregular, for instance,g gð0Þ ¼g gðrÞ, while for almost all h A ½0; r the functiong gðhÞ is di¤erentiable in h withg g 0 ðhÞ ¼ Àlogð2Þ logðjÞ2 h j À2 h < 0. Such behaviour is typical for digital problems, cf. for example [4] .
8 Some combinatorial interpretations of the seriesX X * 2 G (z) In Section 7 we associated, for each prime p and every group G A V p , a canonical liftingX X Ãp G ðzÞ A Z½½z to the GFðpÞ-series X Ãp G ðzÞ ¼ P lb1 f ð pÞ l ðGÞz l . In this final section, we shall describe a number of combinatorial interpretations for the coe‰cients of these liftingsX X Ãp G ðzÞ in the case where p ¼ 2 and mðGÞ b 2. Let S be a set of positive integers. By a plane S-tree we mean a plane tree with the property that every nonterminal vertex has (outer) degree an element of S. Given S J N and non-negative integers m; n, we denote by T S ðm; nÞ the number of plane S-trees having m terminal vertices and a total of n vertices. Let Then U S satisfies the functional equation12
In order to establish a connection with the seriesX X 
